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1 Introduction
The classical Skitovich-Darmois theorem states ([14],[1], see also [11, Ch. 3]):
Let ξi, i = 1, 2, . . . , n, n ≥ 2, be independent random variables, and αi, βi be
nonzero numbers. Suppose that the linear forms L1 = α1ξ1 + · · · + αnξn
L2 = β1ξ1 + · · · + βnξn are independent. Then all random variables ξi are
Gaussian.
The Skitovich-Darmois theorem was generalized into various algebraic
structures, in particular, into locally compact Abelian groups([3]-[9],[10],[12]).
In these researches the random variables take values in a locally compact
Abelian group X , coefficients of the linear forms are topological automor-
phisms of X , and the number of the linear forms are two. In the article we
continue these researches and study the Skitovich-Darmois theorem in the
case when random variables take values in different classes of locally compact
Abelian groups but the number of linear forms more than 2.
Throughout the article X is a second countable locally compact Abelian
group. Let Aut(X) be the group of topological automorphisms of X , Z(k) =
{0, 1, 2 . . . , k − 1} be the group of residue modulo k. Let x ∈ X . Denote
by Ex the degenerate distribution, concentrated at the point x. If K is a
compact subgroup of X , denote by mK the Haar distribution on K. Denote
by I(X) the set of shifts of such distributions, i.e. the distributions of the
form mK ∗ Ex, where K is a compact subgroup of X , x ∈ X .
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The first step to generalize the Skitovich-Darmois theorem on locally
compact Abelian groups is to consider the case of finite Abelian groups.
This problem was studied first in [5]. Note that the idempotent distributions
on a finite Abelian group can be regarded as analogues of the Gaussian
distributions on real line. Let ξi, i = 1, 2, . . . , n, n ≥ 2, be independent
random variables with values in a finite Abelian group X and distributions
µi. Let αj, βj be automorphisms of X . Consider the linear forms L1 =
α1ξ1 + · · · + αnξn L2 = β1ξ1 + · · · + βnξn. G.M. Feldman proved that
the class of groups, on which the independence of L1 L2 implies that all
µi ∈ I(X), are poor and consists of the groups of the form ([5])
Z(2m1)× · · · × Z(2ml), 0 ≤ m1 < · · · < ml. (1)
On the other hand if we consider n linear forms of n independent random
variables, then the Skitovich-Darmois theorem is valid for an arbitrary finite
Ableian group. Namely, the following theorem holds ([12]):
Theorem 1.1 Let ξi, i = 1, 2, . . . , n, n ≥ 2, be independent random variables
with values in a finite Abelian group X and distributions µi. If the linear
forms Lj =
∑n
i=1 αijξi, where αij ∈ Aut(X), i, j = 1, 2, . . . , n, are indepen-
dent, then µi ∈ I(X), i = 1, 2, . . . , n.
Our first aim is to generalize Theorem 1.1 into discrete groups. Using this
result we extend Theorem 1.1 into groups of the form Rm×D×K, where D
is a discrete, K is a compact totally disconnected group of the special form,
m ≥ 0. Finally we describe conditions on compact totally disconnected
group, which are necessary and sufficient for the validity of the Theorem 1.1.
2 Definitions and designations
Let X be a second countable locally compact Abelian group. Let {Xλ : λ ∈
Λ} be a non empty family of groups. Denote by Pλ∈ΛXλ the direct product
of the groups Xλ. If X = Xλ for all λ ∈ Λ, then the direct product of the
groups Xλ we denote by X
n, where n is a cardinal number of Λ.
Let p be a prime number. Denote by P the set of all prime number.
Denote by △p the group of p-adic integers. We recall that an Abelian group
is called a p-primary if every nonzero element of this group has order pm for
some natural m.
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Let µ be a distribution on X . The characteristic function of the distribu-
tion µ is defined by the formula ([2])
µˆ(y) =
∫
X
(x, y)dµ(x), y ∈ Y.
Recall ([13]), that a distribution µ on X is called Gaussian, if its charac-
teristic function can be represented in the form
µˆ(y) = (x, y) exp{−φ(y)}, y ∈ Y,
where the function φ(y) satisfy the equation
φ(u+ v) + φ(u− v) = 2φ(u) + 2φ(v), u, v ∈ Y.
Denote by Γ(X) the set of all Gaussian distributions on X .
3 Main results
The main result of the article is Theorem 3.2. The prof of Theorem 3.2 uses
the following theorem, which is interesting in itself.
Theorem 3.1 Let X be a discrete Abelian group. Let ξi, i = 1, 2, . . . , n, be
independent random variables with values in X and distributions µi. Con-
sider the linear forms Lj =
∑n
i=1 αijξi, where αij ∈ Aut(X), i, j = 1, 2, . . . , n.
Then the independence of the linear forms Lj implies that µi = Exi ∗ mGi,
where Gi are finite subgroups of X, xi ∈ X, i = 1, 2, . . . , n.
Note that Theorem 3.1 was proved earlier in ([3, 13.17]) in the case n = 2.
Theorem 3.2 Let X be a Abelian group of the form
X = Rm ×K ×D, (2)
where, m ≥ 0 K — compact totally disconnected group, which is topologically
isomorphic to a group of the form
Pp∈P(△
np
p ×Gp), (3)
where np are some non negative integers, Gp are finite p-primary groups, D
is a discrete countable group. Let ξi, i = 1, 2, . . . , n, be independent random
variables with values in X and distributions µi. Then the independence of the
linear forms Lj =
∑n
i=1 αijξi, where αij ∈ Aut(X), i, j = 1, 2, . . . , n, implies
that µi ∈ Γ(X) ∗ I(X), i = 1, 2, . . . , n.
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From the conditions of theorem 3.2 it follows that condition (3) is suffi-
cient for validity of the Skitovich-Darmois theorem on compact totally dis-
connected Abelian groups in the case of n linear forms of n random variables.
It turns out, that this condition is necessary.
Theorem 3.3 Let X be a compact totally disconnected Abelian group, ξi, i =
1, 2, . . . , n,be independent random variables with values in X and distribu-
tions µi, αij ∈ Aut(X). From the independence of the linear forms Lj =∑n
i=1 αijξi, j = 1, 2, . . . , n, follow that all µi ∈ Γ(X) ∗ I(X), if and only if X
is topologically isomorphic to the group of the form (3).
Note that the theorem above was proved earlier in ([3, 13.25]) in the case
n = 2.
Remark. There are locally compact Abelian groups which are non iso-
morphic to the group of the form (2), and on which The Skitovich-Darmois
theorem is valid in the case of n linear forms of n random variables. The
needed example was constructed for the case n = 2 in [4, 3]. It easily can
be checked, that this example can be generalized in the case of the arbitrary
n.
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